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This thesis contains theoretical stud-
ies on coherence of supercontinuum 
light. The characteristic form of the 
second-order coherence functions of 
simulated supercontinuum pulses is 
analyzed, and mathematical models 
for the coherence functions are pre-
sented. The possibility to obtain the 
main features of the coherence func-
tions from experimentally measurable 
quantities is also discussed. Addition-
ally, an experimental method to dis-
tinguish the effects of the stochastic 
and deterministic mechanisms in 
temporal pulse broadening is studied 
using Gaussian Schell-model pulses.
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ABSTRACT
This thesis contains studies on coherence properties of broadband
light pulses. The second-order coherence functions of simulated
supercontinuum pulses are studied. Firstly, a characteristic form of
the coherence functions of supercontinuum pulses generated with
varying simulation parameters is introduced. The possibility to ob-
tain the main features of the coherence functions from experimen-
tally measurable quantities is discussed. Secondly, two mathemati-
cal reconstructions, coherent-mode expansion and elementary-field
representation, for the coherence functions are presented. The two
models are compared with each other, and their accuracy is evalu-
ated by comparing the results with those computed directly from
the simulation data. Additional theoretical considerations about the
coherence of light pulses are also presented. Specifically, the pos-
sibility to distinguish the effects of the stochastic and deterministic
mechanisms in temporal pulse broadening is studied using Gaus-
sian Schell-model pulses.
Universal Decimal Classification: 535.3, 535.8,
PACS Classification: 42.25.Kb, 42.50.Ar, 42.65.Re, 42.65.Sf,
Keywords: optics; coherence; pulses; propagation; numerical analysis;
Yleinen suomalainen asiasanasto: optiikka; koherenssi; pulssit; numee-
rinen analyysi;
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1 Introduction
Pulsed light is today used in many different applications on var-
ious fields of science. Short, intense, spectrally broadband pulses
that are generated and studied in optics are utilized in imaging ap-
plications, for example, in biology and medical science [1–4]. In
chemistry, pulses are needed e.g. in fluorescence studies that give
information about chemical reactions [5, 6], and in coherent anti-
Stokes Raman scattering (CARS) studies of vibrations in molecular
liquids [7] and solids [8].
One special class of light pulses is supercontinuum radiation. It
is extremely bright and spectrally broad light that is generated by
propagating intense laser pulses through a nonlinear medium [9–
11]. In addition to imaging applications, the broad spectral range of
supercontinuum pulses enables efficient wavelength-division multi-
plexing in telecommunications [12, 13]. Supercontinuum pulses are
utilized also in frequency combs [14, 15], which are efficient tools,
for example, in characterizing radiation from stars and other light
sources and measuring time very accurately.
When a train of pulses is generated, it is unlikely that all the
pulses are identical in their spectral density or temporal intensity.
On the other hand, the generation of pulses is not a completely ran-
dom process and therefore there is some correlation between sub-
sequent pulses. To design functioning setups, the optical engineer
must be aware of the statistical properties of the light. The spectral,
temporal, and spatial variations in subsequent pulses are described
with the correlation functions introduced in optical coherence the-
ory [16]. Measuring the spatial coherence of ultrashort pulses is
discussed e.g. in [17]. In this thesis we focus on temporal and spec-
tral coherence of pulses. In principle, the correlation functions be-
tween different frequencies or temporal instants can be constructed
from interferometric data measured from the pulse ensemble, but
the measurements would require narrower time gates or spectral
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filters than available [18]. The correlation functions could also be
computed from the ensemble of measured electric fields. However,
measuring complicated pulses with spectral content spanning over
hundreds of nanometers is not straightforward [19].
In the research related to this thesis, the spectral and tempo-
ral correlation functions are computed from ensembles containing
1000 simulated supercontinuum pulses. The generation of pulses is
modelled by propagating short laser pulses in a nonlinear medium
numerically. The coherence of the pulses is tailored by adjusting
the duration and power of the input pulses, as well as their propa-
gation distance in the material. If all the pulses in a pulse ensemble
were identical, the light source would be called completely coher-
ent. Correspondingly, the complete lack of correlations between
pulses is called incoherence. Between the two extreme cases, the
pulses are partially coherent. Our studies include pulse ensembles
with either relatively low or almost perfect coherence, falling in the
category of partially coherent pulses. In fact, all realistic light pulses
are partially coherent due to the unavoidable but finite instabilities
in the lasers used to generate the pulses.
The coherence of pulses affects the dimensionality of the com-
putations when studying the propagation of light in different opti-
cal systems. Generally, interaction of light with matter is modelled
by propagating the correlation function in the space–frequency do-
main, and the behavior of light in the temporal domain is obtained
with a superposition integral over separate frequency components
[20–23]. In the case of partially coherent fields, these superposition
integrals are two-dimensional. For coherent light the propagation
can be studied using the deterministic field itself, and the tempo-
ral field is found by adding the amplitudes of different frequency
components in a one-dimensional Fourier integral. For spectrally
incoherent fields, the spectral correlation matrix reduces to a one-
dimensional function. Then the total intensity is constant, while the
temporal coherence remains nontrivial and can be obtained from a
one-dimensional Fourier integral.
Numerically the two-dimensional Fourier integrals of partially
2 Dissertations in Forestry and Natural Sciences No 98
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coherent light can be a significant problem. The number of the
sampling points in one direction is typically of the order of 1000 to
represent the field with sufficient accuracy. Therefore it is useful to
develop mathematical models to describe the propagation of fields
in optical systems with less numerical effort. The problem is anal-
ogous when we consider partial spatial coherence. A general ap-
proach is to represent the correlation functions or other appropriate
functions with completely coherent functions. Each coherent func-
tion, or mode, can then be propagated in optical systems numeri-
cally in a convenient way. The number and functional form of the
coherent modes can be very different depending on the construc-
tion. Examples of this kind of models in imaging are the Fourier
series expansion [24] and communication modes [25]. Regarding
temporal and spectral coherence, for example a construction with
independent monochromatic fields at different frequencies has been
studied [26].
In this thesis we consider two different reconstructions in the
spectral or temporal domain. The first one is called the coherent-
mode expansion [27]. It has been widely used in analytical models
for stationary [28–30] and nonstationary [31, 32] light. Using an-
other reconstruction, the elementary field method, has been studied
for spatially partially coherent fields in [33–35]. It has also been ap-
plied for spectrally and temporally partially coherent nonstationary
light [23, 36]. In our research, both models are utilized to study the
spectral and temporal coherence of supercontinuum pulses. More-
over, they are specifically modified for supercontinuum light which,
as we will see, has quite interesting coherence characteristics.
Generation of supercontinuum light is introduced in Chapter 2.
The mathematical formulation of the standard second-order coher-
ence theory for nonstationary light is presented in Chapter 3. Other
methods to characterize the coherence of nonstationary light are
also discussed. Chapter 4 introduces the first results obtained in
our research related to supercontinuum coherence. First, a ba-
sic schematic model for the coherence functions of supercontin-
uum light is illustrated. Then the possibilities to obtain the co-
Dissertations in Forestry and Natural Sciences No 98 3
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herence functions through simple experimental measurements are
discussed. In Chapter 5 the coherent-mode expansion is applied to
supercontinuum light. Chapter 6 comprises the mathematical for-
mulation of the elementary field reconstruction. In Chapter 7 the
elementary field reconstruction and coherent-mode expansion are
compared with the exact coherence functions. Also the propagation
of supercontinuum pulses in a dispersive fiber modelled with the
reconstructions is discussed. In Chapter 8 we consider theoretically
how the stochastic variations in subsequent pulses, broadening the
average temporal intensity of the pulses, could be distinguished
from the deterministic mechanisms that also affect the pulse du-
ration. Finally, Chapter 9 concludes the results presented in this
thesis.
4 Dissertations in Forestry and Natural Sciences No 98
2 Generation of super-
continuum light
Extremely bright and broadband light pulses, called supercontin-
uum pulses, are today widely used, for example, in telecommuni-
cations and medical science. Their properties have been studied
much, and generation of such pulses has been widely discussed
in literature. Supercontinuum pulses are produced by propagat-
ing temporally narrow, intense laser pulses in nonlinear, dispersive
materials [9,10]. For the first time the spectral broadening of pulses
was observed in the 1960s [37–39]. In 1970 Alfano and Shapiro
[40, 41] and independently at the same time Bondarenko [42] cre-
ated in bulk glass pulses with significantly wider spectra than in
previous experiments. The name supercontinuum was introduced
in the 1980s [43, 44], and nowadays the phenomena causing the
formation of pulses in different media have been thoroughly an-
alyzed [45]. This chapter begins by introducing the basic mech-
anisms behind the spectral broadening of pulses. After that, we
discuss how the generation of supercontinuum pulses in nonlinear
fibers is modelled.
2.1 BASICS OF SUPERCONTINUUMGENERATION
The interaction between light and matter is the starting point of
supercontinuum creation. We discuss it with the scalar approach,
ignoring the vectorial nature of light, since scalar theory is also used
in the rest of this thesis. The response of any dielectric material to
light depends on the intensity of the electromagnetic field. With
light intensity typical in conventional optical setups, the relation
between the electric polarization P and the electric field strength E
Dissertations in Forestry and Natural Sciences No 98 5
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4 Dissertations in Forestry and Natural Sciences No 98
2 Generation of super-
continuum light
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ing temporally narrow, intense laser pulses in nonlinear, dispersive
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anisms behind the spectral broadening of pulses. After that, we
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ignoring the vectorial nature of light, since scalar theory is also used
in the rest of this thesis. The response of any dielectric material to
light depends on the intensity of the electromagnetic field. With
light intensity typical in conventional optical setups, the relation
between the electric polarization P and the electric field strength E
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can be presented as
P = ε0χE, (2.1)
where ε0 ≈ 8.854 × 10−12 F/m is the electric permittivity of free
space and χ is the electric susceptibility of the medium. When
the intensity is high enough for the material in question, also the
higher-order terms of the susceptibility have to be taken into ac-
count, and one is speaking about nonlinear optics [46–48]. Then
the relation is presented as
P = ε0
[
χ(1)E+ χ(2)E2 + χ(3)E3 + ...
]
. (2.2)
The higher-order terms of the susceptibility have interesting
consequences to the behaviour of the light field. In centrosymmet-
rical materials the second-order term χ(2) vanishes. The third-order
susceptibility χ(3) affects with two main mechanisms: by changing
the refractive index of the material, and by inducing inelastic scat-
tering of photons. The physical origin of the nonlinear effects is
the anharmonic motion of bound electrons of the material when
an external electric field is applied. The third-order term of the
susceptibility contains two parts, one that is related to the instanta-
neous response of the electrons to the electric field, and a delayed
contribution related to the molecular vibrations of the material.
Assuming that the electric field is of the form E = E0 cos(ωt) =
E0ℜ{exp (iωt)}, using basic trigonometric relations, and neglecting
a term requiring phase-matching, the polarization can be presented
as
P = ε0
[
χ(1) +
3
4
χ(3)E20
]
E0 cos(ωt). (2.3)
Comparing that with Eq. (2.2), we can define the effective suscepti-
bility χeff as
χeff = χ
(1) +
3
4
χ(3)E20. (2.4)
The refractive index of the material is then obtained from
n = (1+ χeff)
1/2 , (2.5)
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which, using a binomial series approximation, becomes
n = n(I) ≈ n0 +
3
8
χ(3)
E20
n20
= n0 + n2 I, (2.6)
where n2 = (3/8n20)χ
(3) is the nonlinear refractive index of the ma-
terial with a linear refractive index n0. This change of the refractive
index is known as the Kerr effect.
The dependence of the refractive index on the pulse intensity
induces a time-dependent phase during propagation. After a prop-
agation distance L, the instantaneous phase of the electric field with
a carrier frequency ω0 is
φ(t) = ω0t−
ω0
c
n(I)L, (2.7)
where c ≈ 3× 108 m/s is the speed of light in vacuum. The instan-
taneous frequency is then
ω(t) =
dφ(t)
dt
= ω0− ω0(L/c)
dn(I)
dt
. (2.8)
Inserting the refractive index from Eq. (2.6), the change in the car-
rier frequency is
∆ω(t) = ω0 −ω(t) = −n2ω0(L/c)
dI(t)
dt
. (2.9)
This effect, known as self-phase modulation (SPM), broadens the
frequency spectrum to both higher and lower frequencies than ω0.
Additionally, the intensity of one wave can affect the refractive in-
dex experienced by another wave, and copropagating frequency
components influence the phases of each other. This effect is called
cross-phase modulation and it manifests itself as asymmetric spec-
tral broadening and temporal distortion of the pulse.
Besides nonlinear effects, the pulse is changed through material
dispersion which broadens the pulse temporally. The propagation
of a pulse in a dispersive medium is described with the medium’s
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frequency-dependent propagation constant β(ω). Often it is repre-
sented as a Taylor series around ω0 as
β(ω) =
∞
∑
n=0
βn(ω− ω0)
n (2.10)
with
βn =
1
n!
dnβ(ω)
dωn
∣∣∣∣
ω=ω0
, (2.11)
where βn are called the dispersion coefficients of the material. In su-
percontinuum generation one important parameter of the medium
is the group velocity dispersion (GVD) β2. The material can be
described with the dispersion parameter D,
D = −
2pic
λ20
β2, (2.12)
where λ0 is the vacuum wavelength. Dispersion is defined as nor-
mal when higher frequency components travel in the material slower
than lower frequency components, in which case D < 0. In the
region of normal dispersion, the refractive index of the material in-
creases with increasing frequency. The situation is opposite when
D > 0 and the dispersion is said to be anomalous. The effect of
material dispersion to the temporal duration of the pulse can be
compensated, for example, with a holographic element designed to
transform the input pulse into a nondiffracting Bessel beam [49].
However, in the context of supercontinuum generation dispersion
is substantial and should not be compensated.
Raman scattering is another important factor in supercontin-
uum generation. It is induced by the imaginary part of the third-
order nonlinearity of the material. It is a phenomenon where the
scattering of a photon from an atom or a molecule is inelastic. The
material can either absorb kinetic energy from the photon or do-
nate energy to it. Thus, the kinetic energy and consequently the
frequency of the photon can change. The scattering is related to
the molecular rotations and vibrations of the material. The rota-
tions and vibrations modulate the electric dipole moment induced
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by the electric field. The photon can then scatter with not only the
original frequency of the incoming light, but also with the same fre-
quency subtracted or added with a frequency characteristic to the
molecular displacements. Raman scattering can be either sponta-
neous or stimulated. In supercontinuum generation the stimulated
process is more significant. Pulses with broad spectrum can experi-
ence self-frequency shifting to longer wavelengths when the longer
wavelengths induce stimulated Raman scattering.
When the input pulse has such parameters related to the fiber
parameters that the group velocity dispersion β2 and the self-phase
modulation from the Kerr effect cancel each other, a special pulse
form known as soliton is generated [50]. In addition to fundamen-
tal solitons, higher-order solitons can also form a solution to the
propagation equation of the pulse [51, 52]. The soliton order N is
defined as
N2 =
T20γP0
|β2|
, (2.13)
where T0 is related to the input pulse duration, γ is the nonlinear
coefficient of the material, and P0 is the input pulse peak power.
A pulse with a noninteger soliton order sheds energy into a back-
ground field called a dispersive wave until it finds a stable form.
Solitons propagate in the fiber until the higher-order dispersion
and nonlinear effects break the Nth order soliton to N subpulses.
After this soliton fission, the higher-order dispersion and Raman
effects influence each of the subpulses similarly as they influence
fundamental solitons.
In the anomalous GVD region of the material, a nonlinear effect
called four-wave mixing (FWM) can occur. It is the general name for
many different processes arising from the interplay of dispersion
and third-order nonlinearity where frequency components ω1,ω2,
and ω3 existing in the pulse interact with each other generating new
frequencies ω4 = ±ω1 ± ω2 ± ω3. Four-wave mixing processes are
important in supercontinuum generation. One special case of four-
wave mixing processes is modulation instability (MI) [53], where
waves with frequencies ω and ω ± Ω interact producing spectral
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sidebands. Temporally this corresponds to a breakup of the wave-
form into a train of pulses.
2.2 SUPERCONTINUUMGENERATION IN FIBERS
In addition to glass and other solid bulk materials [54–57], su-
percontinuum pulses can be created in gases [58–61] and liquids
[58, 62, 63]. Nowadays the used medium is typically a nonlinear
fiber [64–69]. Since early 2000s photonic crystal fibers, where the
fiber core has transversely periodic microstructure [70], have been
used a lot in producing supercontinuum pulses [64, 65, 69, 71, 72].
The microstructure enhances the nonlinearity of the material sig-
nificantly. Photonic crystal fibers are also used in the simulations
in this thesis.
The generation of supercontinuum pulses in fibers is simulated
by solving the generalized nonlinear Schrödinger equation (GNLSE)
[73, 74],
∂A(z; t)
∂z
+
α
2
A(z; t)− ∑
k≥2
ik+1
k!
βk
∂kA(z; t)
∂tk
= iγ
(
1+ i/ω0
∂
∂t
)
×
[
A(z, t)
(∫ ∞
−∞
R(t′)|A(z, t− t′)|2 dt′ + iΓR
)]
. (2.14)
Numerically the solution is usually found using the standard split-
step Fourier transform algorithm where the linear and nonlinear
parts of the GNLSE are treated separately using several subsequent
small steps in propagation [48].
In Eq. (2.14) A(z; t) is the electric field envelope, α is the lin-
ear loss, and βk are the fiber dispersion coefficients at the cen-
ter frequency ω0. The nonlinearity of the fiber is presented with
γ = n2ω0/ [cAeff(ω0)] where Aeff(ω0) is the effective area of the
fiber evaluated at ω0,
Aeff(ω0) =
(∫∫ ∞
−∞ |F(x, y,ω0)|
2 dxdy
)2
∫∫ ∞
−∞ |F(x, y,ω0)|
4 dxdy
, (2.15)
with the transverse modal distribution F(x, y,ω0).
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Instantaneous electric and delayed Raman contributions are in-
cluded in R(t) = (1− fR)δ(t) + fRhR(t), where fR = 0.18 is the
experimentally evaluated contribution of the molecular resonances
to the nonlinear refractive index n2, and hR(t) is the experimentally
determined or analytical form of the response function of fused sil-
ica [75, 76]. The term ΓR in Eq. (2.14) represents the effects of spon-
taneous Raman noise, but has been excluded from the simulations
in our research.
Supercontinuum generation dynamics can be roughly divided
in four categories depending on the properties of the input pulse
[11]. The first distinction is between pumping in the anomalous
or normal GVD regime of the fiber. Typically the pulses are cre-
ated in the anomalous GVD regime since it produces the broadest
bandwidth [11]. The second distinction is between short and long
input pulses. In this context, short means shorter than a picosec-
ond pulse, and long pulses can be in the range of picoseconds to
nanoseconds or even a continuous wave.
If we consider the anomalous GVD regime and short pump
pulses, the spectral broadening arises from soliton dynamics. If
N ≥ 1, the high-order solitons are first broadened spectrally and
compressed temporally. Then perturbations such as high-order dis-
persion and stimulated Raman scattering break the pulse into N
distinct solitons. Similarly, a dispersive wave is generated through
resonant transfer of energy across the zero-dispersion wavelength.
As the fundamental solitons propagate, they shift to longer wave-
lengths through the Raman soliton self-frequency shift. The band-
width of the pulse can still be broadened when the generated Ra-
man soliton and dispersive waves couple through cross-phase mod-
ulation, which results in additional frequency components.
Regarding pulses in the anomalous dispersion regime but with
longer duration, the dominating effect in the pulse broadening is
modulation instability which corresponds to the generation of spec-
tral four-wave mixing parametric sidebands. The modulation insta-
bility breaks the initial pulse into many temporal subpulses. Af-
ter that, the spectral broadening happens in the same way as with
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the fundamental solitons. However, if the pump pulse is too far
in the anomalous GVD regime, the spectral broadening is reduced
because the modulation instability dynamics do not generate wide
enough bandwidth to seed dispersive wave transfer into the normal
GVD regime.
For short subpicosecond pulses in the normal GVD regime, the
spectral broadening arises from the interaction of self-phase modu-
lation and the normal GVD of the fiber. That process leads to signif-
icant temporal broadening and thus a decrease of the peak power
of the pulse, and therefore nonlinear effects only occur at the first
few centimeters of propagation in the fiber. However, if the pump
pulse is near the anomalous GVD regime, spectral content can be
transferred into the anomalous region after the initial broadening.
Following that the broadening is affected by soliton dynamics.
Longer pump pulses and continuous radiation in the normal
GVD regime broaden mostly through four-wave mixing and Raman
scattering. The pumping wavelength affects the emphasis of these
two mechanisms. Near the zero-dispersion wavelength four-wave
mixing becomes more important, and if the broadening overlaps
with the zero-dispersion wavelength, soliton dynamics can again
contribute to the spectral broadening. The main mechanisms in the
supercontinuum pulse creation with different types of input pulses
are summarized in Table 2.1.
Table 2.1: Main processes affecting the supercontinuum generation with short and long
input pulses in the normal and anomalous group velocity dispersion (GVD) regimes. MI:
modulation instability, SPM: self-phase modulation, FWM: four-wave mixing.
GVD Pulse Processes
anomalous short soliton dynamics, dispersive waves
anomalous long MI, soliton dynamics
normal short SPM, soliton dynamics
normal long FWM, Raman scattering, soliton dynamics
In the simulations used in this thesis, the input pulses are of the
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form
A(z = 0; t) =
√
P0 sech (t/T0), (2.16)
where P0 is the peak power and T0 is related to the full width at the
half maximum ∆τ of the pulse through T0 = ∆τ/1.7628. In addition
to P0 and T0, the propagation distance in the fiber has been varied.
The supercontinuum generating processes amplify nonlinearly the
noise inherent in the input pulses. Thus, variations in subsequent
input pulses result in differences in subsequent supercontinuum
pulses. Examples of these differences are given in Figure 2.1, where
spectral densities and corresponding temporal intensities of five in-
dividual pulse realizations are shown with two sets of simulation
parameters given in the figure caption. The details of the pulse
generation are given in Paper IV. In the first case the pulses vary
substantially from each other, whereas in the second case they are
essentially identical. As the pulses are generated with short input
pulses in the anomalous dispersion region with N > 1, the higher-
order soliton dynamics determine the pulse broadening.
The variations between different pulses are described with first-
order or second-order coherence functions, which are discussed in
more detail in the following chapter. Analysis of the propagation
dynamics of the pulses state that the coherence of the pulses is af-
fected by the average power of the input pulse so that higher power
produces a pulse ensemble with lower coherence. Also the dura-
tion of the input pulse is connected to the coherence so that shorter
input pulses produce more coherent supercontinuum pulses, see
e.g. [77].
In this thesis the input pulse noise is included by adding a noise
seed of one photon per mode with random phase on each spectral
discretization bin. This corresponds to adding a stochastic varia-
tion in the input pulse amplitude in each temporal discretization
bin with standard deviation of the square root of the number of
photons in the bin. The model applies particularly to mode-locked
lasers. Other noise models introduced in [78] lead to qualitatively
similar results with those shown in this thesis. Noise affects also the
polarization properties of the pulses [79,80]. However, in this work
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form
A(z = 0; t) =
√
P0 sech (t/T0), (2.16)
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we have not considered the vectorial nature of the electric fields.
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Figure 2.1: Top rows: Simulated examples of spectral density (a) and temporal intensity
(b) of relatively incoherent supercontinuum pulses. The input pulse peak power was 1
kW. Bottom rows: examples of spectral density (c) and temporal intensity (d) of almost
coherent supercontinuum pulses generated with input pulse power of 250 W. The input
pulse duration was 300 fs and the central wavelength 800 nm in both cases, and the fiber
(commercially available NKT Photonics NL-PM-750) length was 70 cm. The origin of
time corresponds to the temporal center of the intensity of the input pulse.
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3 Coherence theory for non-
stationary light
To understand and analyze the coherence properties of light it is
necessary to formulate the correlations of the fields mathematically.
The standard method for that is the second-order coherence theory,
originally formulated in both the spectral and temporal domain for
stationary fields [22]. In the 1990s the theory was extended also to
nonstationary fields [16,17,81]. Coherence of nonstationary light in
the framework of the second-order coherence theory has been stud-
ied quite a lot using idealized example cases. For example, analyti-
cal expressions for the coherence functions in both the spectral and
temporal domain to partially coherent Gaussian pulses exist [82].
Also the propagation of partially coherent pulses in dispersive me-
dia has been analyzed [83]. Torres-Company et al. have studied the
effect of noise in Gaussian pulses using the second-order theory in
the temporal domain [84]. The evolution of second-order coherence
functions of random pulses when propagating in nonlinear media
has also been studied [85]. Second-order coherence theory can also
be applied on electromagnetic fields, see e.g. [29, 86–88], but here
we focus on scalar fields.
For supercontinuum pulses a more traditional way to quantify
the coherence is the first-order coherence function introduced by
Dudley and Coen in 2002 [89] and widely used thereafter because
of its close connection with experimentally observable quantities.
The term first-order refers to quantifying coherence at a single fre-
quency between different pulses in a pulse ensemble. We will later
see a connection between the first- and second-order coherence
functions and utilize that property in constructing mathematical
models for the second-order coherence functions. Other methods
to characterize the amplification of noise in the input pulse also
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exist [90, 91] but they are not discussed here in more detail.
We begin by briefly introducing the mathematical formulation
of electric fields. Then we present the second-order coherence func-
tions for nonstationary light and finally discuss methods to charac-
terize the coherence of light pulses using the first-order coherence
theory.
3.1 COMPLEX ANALYTIC FUNCTIONS
Let us start by defining the complex-analytic signal [92] that rep-
resents a polychromatic electric field. We will consider only scalar
fields and thus ignore the vectorial nature of light. This approach
is sufficient when one studies the behaviour of the light field in ho-
mogeneous (the permittivity of the material is spatially constant)
and isotropic (the relation between the electric field and the po-
larization is independent of the direction) materials. Generally it
must be noted that unless the pulses are completely coherent in the
spectral domain, they are not completely coherent in the spatial do-
main [93]. However, in this work we ignore the spatial dependence
of the electric field.
Any component of the electromagnetic field can be represented
with a real-valued function Ur(t) that depends on time t and is
square-integrable. It can be expressed as a Fourier integral
Ur(t) =
∫ ∞
−∞
U˜r(ω) exp(−iωt) dω, (3.1)
which represents the temporal field component as a superposition
of harmonic functions at different angular frequencies ω. The co-
efficients U˜r(ω) carrying information about the amplitudes and
phases of the field components are defined by the Fourier trans-
form relation
U˜r(ω) =
1
2pi
∫ ∞
−∞
Ur(t) exp(iωt) dt. (3.2)
The spectral amplitudes obey the relation U˜r(−ω) = U˜∗r (ω) and
thus the negative frequency components contain no additional in-
formation compared to the positive frequency components. This
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allows one to define the complex analytic signal
U(t) = 2
∫ ∞
0
U˜r(ω) exp(−iωt) dω. (3.3)
including the same information as Eq. (3.1). The real field informa-
tion is contained in the real part of the complex analytic function,
i.e. ℜ{U(t)} = Ur(t). The complex analytic signal can also be
presented with the Fourier transform pair
U(t) =
∫ ∞
−∞
U˜(ω) exp(−iωt) dω (3.4)
and
U˜(ω) =
1
2pi
∫ ∞
−∞
U(t) exp(iωt) dt. (3.5)
The complex spectral amplitudes are related to the spectral ampli-
tudes of the real fields by U˜(ω) = 2Ur(ω) for ω ≥ 0 and U˜(ω) = 0
for ω < 0.
3.2 SECOND-ORDER COHERENCE OF NONSTATIONARY
LIGHT
In the simulated supercontinuum ensembles the individual field
realizations are presented as complex analytic signals E(t) in the
temporal domain and E˜(ω) in the frequency domain, connected
through the Fourier transform relations
E(t) =
∫ ∞
−∞
E˜(ω) exp(−iωt) dω (3.6)
and
E˜(ω) =
1
2pi
∫ ∞
−∞
E(t) exp(iωt) dt. (3.7)
The second-order coherence properties of nonstationary light
are described with the two-frequency cross-spectral density func-
tion (CSD)
W(ω1,ω2) = �E˜∗(ω1)E˜(ω2)� (3.8)
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and the two-time mutual coherence function (MCF)
Γ(t1, t2) = �E∗(t1)E(t2)�, (3.9)
where the brackets denote ensemble averaging defined as
� f (t)� = lim
N→∞
1
N
N
∑
n=1
fn(t), (3.10)
where fn(t) are single realizations in an ensemble of randomly fluc-
tuating fields. Since E(t) and E˜(ω) form a Fourier transform pair,
the CSD and the MCF are connected to each other through
Γ(t1, t2) =
∫∫ ∞
0
W(ω1,ω2) exp[i(ω1t1 −ω2t2)] dω1dω2, (3.11)
which is known as the generalized Wiener–Khintchine theorem.
Often it is more convenient to use the normalized versions of
the CSD and the MCF,
µ(ω1,ω2) = W(ω1,ω2)/
√
S(ω1)S(ω2) (3.12)
and
γ(t1, t2) = Γ(t1, t2)/
√
I(t1)I(t2), (3.13)
where S(ω) = W(ω,ω) is the average spectral density and I(t) =
Γ(t, t) the average temporal intensity. A generally used measure
for the coherence of nonstationary light is the integral degree of
coherence µ¯ [18],
µ¯2 =
1
2piE20
∫∫ ∞
−∞
|Γ(t1, t2)|
2 dt1 dt2
=
1
E20
∫∫ ∞
0
|W(ω1,ω2)|
2 dω1 dω2, (3.14)
where E0 = 1/(2pi)
∫ ∞
−∞ I(t) dt =
∫ ∞
0 S(ω) dω is the total energy
of the pulse. The value µ¯ = 1 corresponds to complete coherence in
the sense that all the pulses in the pulse train are identical. On the
other hand, the value µ¯ = 0 indicates that there is no correlation
18 Dissertations in Forestry and Natural Sciences No 98
Coherence theory for nonstationary light
of the complex amplitudes of the pulses at two different instants of
time or two frequencies.
If one wants to examine the propagation of the coherence func-
tions rather in the time–frequency space than in the time or fre-
quency domain alone, the mutual coherence function should be
represented with average and difference coordinates t¯ = (t1+ t2)/2
and ∆t = t2 − t1. Computing a one-dimensional Fourier transform
over the difference coordinate then leads to the Wigner function
W(t¯,ω) which often gives more intuitive insight, for example, into
time-dependent frequency changes in pulses [94]. However, we do
not discuss the pulse properties in the mixed time–frequency do-
main in this thesis.
3.3 FIRST-ORDER COHERENCE OF SUPERCONTINUUM
LIGHT
While the second-order coherence functions enable complete math-
ematical characterization of the coherence properties of the source,
they are not easily obtained experimentally. In 2000, Bellini and
Hänsch [95] studied the coherence of pairs of independently gen-
erated supercontinuum pulses with a modified Young’s double slit
experiment. The pulses were produced in two different spatial ar-
eas of a CaF plate, and after propagation in air they overlapped
on a screen where interference fringes were detected. Similar pat-
terns were observed also with pulses generated in other nonlinear
media. The results of this experiment describe the first-order coher-
ence properties of pulses.
Dudley and Coen [89] investigated the fringe visibility in the
same interferometric experiment at the center of the fringe pat-
tern with zero time difference. They formulated the first-order
coherence corresponding the experimental measurements mathe-
matically as
∣∣∣g(1)12 (λ, t1 − t2)∣∣∣ =
∣∣∣∣∣∣
�E˜∗1(λ, t1)E˜2(λ, t2)�√
�|E˜1(λ, t1)|2��|E˜2(λ, t2)|2�
∣∣∣∣∣∣ , (3.15)
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where the brackets denote ensemble averaging over different pairs
of supercontinuum spectra. Specifically, setting t1 = t2, the for-
mula applies to the interference experiment mentioned above. This
measure for coherence is known as the modulus of the complex
degree of first-order coherence. Another important quantity is the
spectrally averaged degree of coherence [89],
∣∣∣g(1)12 ∣∣∣ =
∫ ∞
0
∣∣∣g(1)12 (λ, 0)∣∣∣ ∣∣E˜(λ)∣∣2 dλ∫ ∞
0
∣∣E˜(λ)∣∣2 dλ , (3.16)
which varies between 0 and 1 corresponding to lack of coherence
and complete coherence, respectively.
Simulations considering the noise in supercontinuum pulses in
the framework of the first-order coherence theory are discussed e.g.
in [96]. The method has also been widely used in experiments [97–
101]. In this thesis, we analyze the connection between the first-
order and second-order coherence of pulses and discuss how the
second-order coherence functions could be obtained using results
from first-order coherence measurements.
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4 Second-order coherence of
simulated supercontinuum
pulses
This chapter introduces the second-order coherence functions of
simulated supercontinuum pulses. In Paper I, we have simulated
the generation of supercontinuum pulses with various input pulse
conditions and computed the second-order coherence functions.
The main result of Paper I is the observation that supercontinuum
pulses generated with a broad range of input pulse conditions com-
prise two contributions, quasicoherent and quasistationary. We also
compare the overall degree of coherence computed from the coher-
ence functions and the degree of coherence as defined by Dudley
and Coen. The mathematical connection between the two defini-
tions of coherence is studied in Paper II, where we also discuss
the possibility of constructing the second-order coherence functions
from measurable quantities.
4.1 PARTITION OF THE COHERENCE FUNCTIONS
We start by presenting the second-order coherence functions in av-
erage and difference coordinates. The MCF is then
Γ(t¯,∆t) = �E∗(t¯− ∆t/2)E(t¯ + ∆t/2)�, (4.1)
and the normalized MCF is
γ(t¯,∆t) =
Γ(t¯,∆t)√
I(t¯− ∆t/2)I(t¯+ ∆t/2)
, (4.2)
where the average and difference coordinates were introduced in
Section 3.2. The temporal intensity in these coordinates is I(t) =
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Γ(t, 0). Correspondingly, the CSD is presented with ω¯ = (ω1 +
ω2)/2 and ∆ω = ω2 − ω1 as
W(ω¯,∆ω) = �E˜∗(ω¯− ∆ω/2)E˜(ω¯ + ∆ω/2)� (4.3)
with the spectral density S(ω) = W(ω, 0), and the normalized CSD
as
µ(ω¯,∆ω) =
W(ω¯,∆ω)√
S(ω¯ − ∆ω/2)S(ω¯ + ∆ω/2)
. (4.4)
With different input pulse parameters used in the supercontin-
uum ensemble generation, the absolute values of the normalized
CSD and MCF presented in the average and difference coordinates
consist of a narrow line representing the quasistationary contribu-
tion and a square area corresponding to the quasicoherent contri-
bution. An example generated with relatively long input pulses in
the anomalous GVD regime is shown in Figs. 4.1 and 4.2. How-
ever, also pulses generated with shorter input pulses exhibit similar
coherence properties. Thus we can write the MCF and CSD as
Γ(t¯,∆t) = Γqc(t¯,∆t) + Γqs(t¯,∆t) (4.5)
and
W(ω¯,∆ω) = Wqc(ω¯,∆ω) +Wqs(ω¯,∆ω), (4.6)
where qc denotes the quasicoherent contribution and qs the quasis-
tationary contribution. The temporal intensity and spectral density
can then be presented as
I(t) = Iqc(t) + Iqs(t) (4.7)
and
S(ω) = Sqc(ω) + Sqs(ω). (4.8)
From Figures 4.1 and 4.2 it can be observed that in both the
normalized CSD and the normalized MCF, the coherence value de-
creases outside the square with a coherence value of unity. This is
a real feature of the pulses and not related to a possible numerical
error at the areas where the temporal intensity or spectral density
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Figure 4.1: Absolute value of the normalized CSD for a supercontinuum ensemble gen-
erated by propagating a 2 ps pulse (peak power 150 W at 1060 nm) 15 m in a photonic
crystal fiber with zero-dispersion wavelength at 1055 nm. ’qs’ denotes the quasistationary
contribution and ’qc’ the quasicoherent contribution.
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Figure 4.2: Absolute value of the normalized MCF for a supercontinuum ensemble gener-
ated with the same simulation parameters as in Fig. 4.1. ’qs’ denotes the quasistationary
contribution and ’qc’ the quasicoherent contribution.
drops significantly. Another issue related to the accuracy of the
coherence functions is the number of pulses in the ensembles. Ex-
tensive research related to Papers I-IV has proven that the statisti-
cal properties of pulses with varying coherence properties stabilize
typically with a smaller number of pulses, depending on the coher-
ence, than 1000 that has been used in our research.
We assume that the quasistationary contribution describes a
field with intensity Iqs(t) varying slowly with t compared to the
variation of
∣∣γqs(t¯,∆t)∣∣ with ∆t, which allows us to approximate
Γqs(t¯,∆t) = Iqs(t¯)γqs(∆t). (4.9)
From the Fourier transform relationship (3.11) between the CSD
and MCF, it immediately follows that
Wqs(ω¯,∆ω) = Sqs(ω¯)µqs(∆ω). (4.10)
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Γ(t, 0). Correspondingly, the CSD is presented with ω¯ = (ω1 +
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W(ω¯,∆ω)√
S(ω¯ − ∆ω/2)S(ω¯ + ∆ω/2)
. (4.4)
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Figure 4.2: Absolute value of the normalized MCF for a supercontinuum ensemble gener-
ated with the same simulation parameters as in Fig. 4.1. ’qs’ denotes the quasistationary
contribution and ’qc’ the quasicoherent contribution.
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Moreover, the quasistationary contribution to the CSD or MCF is
linked to the quasistationary contribution to the intensity or spec-
tral density, respectively:
µqs(∆ω) =
1
2piE0
∫ ∞
−∞
Iqs(t¯) exp(i∆ωt¯) dt¯, (4.11)
γqs(∆t) =
1
E0
∫ ∞
0
Sqs(ω¯) exp(−iω¯∆t) dω¯. (4.12)
The quasicoherent contributions to the spectral density and tempo-
ral intensity are obtained from the 45◦ cross-sections of the quasi-
coherent square in the CSD or MCF, correspondingly. These contri-
butions from the same data as in Figs. 4.1 and 4.2 are shown in Fig.
4.3.
Figure 4.3: Top: (a) normalized spectral density corresponding to Fig. 4.1 and (b) normal-
ized temporal intensity corresponding to Fig. 4.2. Bottom: the dashed curves illustrate the
quasicoherent contributions Sqc and Iqc, and the gray curves represent the quasistationary
contributions Sqs and Iqs.
The average–difference coordinate forms of the coherence func-
tions immediately give convenient measures for supercontinuum
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coherence. The width of |γ(t¯,∆t)| in the ∆t direction gives the co-
herence time at temporal instant t¯, whereas the width of |µ(ω¯,∆ω)|
in the ∆ω direction represents the spectral coherence width at fre-
quency ω¯. Naturally the overall degree of coherence defined in
Eq. (3.14) can be computed also from the coherence functions rep-
resented in average and difference coordinates. In Paper I we ob-
serve that the degree of coherence computed from the second-order
coherence functions is almost equal to the degree of coherence de-
fined by Dudley and Coen. This property will be discussed in more
detail in the following section.
4.2 CONNECTION WITH THE FIRST-ORDER COHERENCE
In Paper II, we further analyze the two-component character of su-
percontinuum light. Firstly we observe that for nearly coherent
pulses, the second-order degree µ¯ and the Dudley-Coen degree of
coherence
∣∣∣g(1)12 ∣∣∣ are almost identical, but from partially coherent to
incoherent pulses, the second-order degree of coherence is slightly
larger than the Dudley-Coen degree. Values for three simulated
pulse ensembles are shown in Table 4.1. The pulses were simulated
by propagating 200 fs, 1060 nm pump pulses in a 20 cm fiber with
nonlinear coefficient γ = 0.01 W−1m−1 and dispersion coefficients
given in Table 1 of Paper II, and the zero-dispersion wavelength at
1000 nm. The pump pulse peak powers P0 were 6 kW, 10 kW and
21 kW.
Table 4.1: Coherence degrees of three ensembles of simulated supercontinuum pulses, com-
puted from the CSD/MCF (µ¯) or as defined by Dudley and Coen (|g
(1)
12 |).
µ¯ |g
(1)
12 |
P0 = 6 kW 0.9978 0.9976
P0 = 10 kW 0.5676 0.5266
P0 = 21 kW 0.1236 0.0880
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The two degrees of coherence approaching each other as the
coherence degrees grow indicate that the Dudley-Coen coherence
function is connected to the quasicoherent contribution to the CSD.
Since the quasicoherent contribution is almost separable in (ω1,ω2),
it can be approximated as
Wqc(ω1,ω2) ≈ �E˜∗(ω1)��E˜(ω2)�, (4.13)
from which it follows that
µqc(ω1,ω2) ≈
�E˜∗(ω1)�√
S(ω1)
�E˜(ω2)�√
S(ω2)
. (4.14)
On the other hand, the experimentally measurable coherence func-
tion gm(ω) =
∣∣∣g(1)12 (ω)∣∣∣ ≈ ℜ{g(1)12 (ω)} defined by Dudley and
Coen can be written as
gm(ω) =
1
N2 − N
N2
∣∣�E˜(ω)�∣∣2 − N�∣∣E˜(ω)∣∣2�
�
∣∣E˜(ω)∣∣2� , (4.15)
which with a large number of pulses N reduces to
gm(ω) =
∣∣�E˜(ω)�∣∣2
�
∣∣E˜(ω)∣∣2� =
∣∣�E˜(ω)�∣∣2
S(ω)
. (4.16)
Comparing Eqs. (4.16) and (4.14), we immediately see that the mod-
ulus of the quasicoherent part of the normalized CSD can be written
as ∣∣µqc(ω1,ω2)∣∣ ≈ √gm(ω1)gm(ω2). (4.17)
Moreover, since Sqc(ω) = Wqc(ω,ω) =
∣∣�E˜(ω)�∣∣2, the quasicoher-
ent contribution to the CSD can also be presented as
∣∣µqc(ω1,ω2)∣∣ ≈
√
Sqc(ω1)√
S(ω1)
√
Sqc(ω2)√
S(ω2)
. (4.18)
Analogously, the quasicoherent contribution to theMCF can be con-
structed with the quasicoherent intensity:
∣∣γqc(t1, t2)∣∣ ≈
√
Iqc(t1)√
I(t1)
√
Iqc(t2)√
I(t2)
. (4.19)
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The quasicoherent intensity can at least in principle be retrieved
by filtering out the quasicoherent frequencies and measuring the
remaining intensity with, for example, cross-correlation frequency
resolved optical gating (XFROG) [102]. Then the quasicoherent con-
tribution can be computed from the total intensity and the mea-
sured quasistationary contribution.
With the results presented in Papers I and II one can construct
the second-order coherence functions from measurable quantities.
The quasicoherent contributions of both temporal intensity and spec-
tral density allow us to construct the absolute values of the quasi-
coherent contributions in the normalized MCF and CSD. The abso-
lute values and phases of the quasistationary contributions of the
normalized second-order coherence functions are directly obtained
from Eqs. (4.11) and (4.12). Because the CSD and MCF are con-
nected to each other through a two-dimensional Fourier transform,
the phases of the quasicoherent contributions of the coherence func-
tions could be recovered with phase retrieval algorithms [103, 104].
In Figure 4.4 we show the normalized CSD functions, quasico-
herent contributions as obtained from a simulated polychromatic
interference experiment, and the reconstruction of the normalized
CSD from the measurable quasicoherent contribution and the qua-
sistationary part obtained from the quasistationary intensity, for
two simulated supercontinuum ensembles. The figures show ex-
cellent agreement between the quasicoherent part of the normal-
ized CSD and Eq. (4.17) and we can conclude that the absolute
value of the quasicoherent part of the normalized CSD can be ob-
tained experimentally using the polychromatic interference experi-
ment. Also the total reconstructions for both almost incoherent and
partially coherent pulses seem reasonably accurate. The nearly co-
herent case has been omitted from the figure since the measurable
quasicoherent contribution alone represents the whole CSD accu-
rately.
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Figure 4.4: Absolute values of the normalized CSD constructed directly from the pulse
ensembles (a), quasicoherent contribution |µqc| obtained from the simulated polychromatic
interference experiment (b), and the reconstructed CSD from |µqc| and the quasistationary
contribution computed from the quasistationary intensity (c) for an almost incoherent
pulse ensemble, and corresponding data (d-f) for a partially coherent pulse ensemble.
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5 Coherent-mode expansion
In the previous chapter we saw how the second-order coherence
functions of simulated supercontinuum pulses can be decomposed
into a quasicoherent and a quasistationary part. Next we study
how the coherence functions can be represented with the coherent-
mode expansion and how the expansion is related to the mentioned
two-component character of the coherence functions.
Coherent-mode expansion is an established method to represent
the coherence functions of both stationary [27] and nonstationary
light [31, 32]. In Paper III we apply the expansion numerically to
simulated supercontinuum pulses in the spectral domain, and in
Paper IV in the temporal domain.
Any function that belongs in a class of Hermitian, non-negative
definite Hilbert-Schmidt kernel, can be expressed as an absolutely
and uniformly convergent series. This is known as Mercer’s the-
orem [105]. We can readily see that the definition of the CSD in
Eq. (3.8) fulfills the requirement of the Hermicity [31, 32]:
W(ω2,ω1) = W∗(ω1,ω2). (5.1)
It can also be proved that the CSD satisfies the non-negative defi-
niteness condition∫∫ ∞
−∞
W(ω1,ω2) f ∗(ω1) f (ω2)dω1dω2 ≥ 0, (5.2)
where f (ω) is an arbitrary, well-behaving function. Since the field
realizations are assumed to be square-integrable in the frequency
domain, also the CSD is square-integrable,∫∫ ∞
−∞
|W(ω1,ω2)|
2 dω1dω2 < ∞, (5.3)
or equivalently a Hilbert-Schmidt kernel. Thus, the CSD of partially
coherent fields can be expanded in a series [22]
W(ω1,ω2) =
∞
∑
n=1
λnΨ
∗
n(ω1)Ψn(ω2), (5.4)
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ensembles (a), quasicoherent contribution |µqc| obtained from the simulated polychromatic
interference experiment (b), and the reconstructed CSD from |µqc| and the quasistationary
contribution computed from the quasistationary intensity (c) for an almost incoherent
pulse ensemble, and corresponding data (d-f) for a partially coherent pulse ensemble.
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where λn are the real, non-negative eigenvalues and Ψn the normal-
ized eigenvectors of the homogeneous Fredholm integral equation
∫ ∞
0
W(ω1,ω2)Ψn(ω1) dω1 = λnΨn(ω2). (5.5)
In Eq. (5.5),
∞
∑
n=1
λn = E0 (5.6)
where E0 is defined as in Eq. (3.14). Because each individual term in
Eq. (5.4) corresponds to a fully coherent spectral field, the functions
Ψn(ω) are generally called the coherent modes of the CSD. The
spectral density is constructed as
S(ω) = W(ω,ω) =
∞
∑
n=1
λn|Ψn(ω)|
2. (5.7)
Analogously, a similar expansion is valid for the MCF:
Γ(t1, t2) =
∞
∑
n=1
λnψ
∗
n(t1)ψn(t2), (5.8)
where ψn are the normalized eigenvectors of the equation∫ ∞
−∞
Γ(t1, t2)ψn(t1) dt1 = λnψn(t2). (5.9)
The intensity is
I(t) = Γ(t, t) =
∞
∑
n=1
λn|ψn(t)|
2. (5.10)
In numerical, discretized form the CSD matrix can be presented
as
W = M†M/C, (5.11)
where M is a matrix whose rows correspond to individual electric
field realizations and C is the number of realizations. On the other
hand, since the coherent modes coincide with the eigenvectors of
the CSD matrixW, they can also be interpreted as the right-singular
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vectors of the ensemble matrixM. Thus, each individual realization
can be presented as a linear superposition of the same coherent
modes that compose the CSD matrix.
Generally the first principal component corresponds approxi-
mately to the mean of the matrix data unless the matrix is mean-
centered, corresponding that the mean value is subtracted from the
data. Because the pulse ensemble is not mean-centered, the coher-
ent mode with the largest eigenvalue, weighted by the square root
of the corresponding eigenvalue, is nearly equal to the mean field:√
λ1Ψ1(ω) ≈ �E˜(ω)�. (5.12)
Writing the quasicoherent part of the CSD as
Wqc(ω1,ω2) ≈ �E˜∗(ω1)��E˜(ω2)� ≈ λ1Ψ∗1(ω1)Ψ1(ω2), (5.13)
as discussed in Section 4.2 and Paper II, justifies mathematically
why the eigenmode with the largest eigenvalue corresponds to the
quasicoherent contribution to the CSD. Moreover, the quasicoherent
contribution to the average spectral density is
Sqc(ω) = λ1 |Ψ1(ω)|
2 . (5.14)
Analogously the same principle applies to the coherent-mode ex-
pansion of the MCF and the quasicoherent contribution to the tem-
poral intensity.
The coherent-mode expansion is exact if all the modes with
eigenvalues other than zero are taken into account. For practical
reasons a smaller number of modes is preferred. When the eigen-
values are organized from highest to lowest, their decrease is very
fast with pulses with high coherence, whereas for pulses with low
coherence the number of significant eigenvalues can be tens or even
hundreds. Therefore this model is convenient for pulses with rel-
atively high coherence because the number of modes sufficient to
represent the CSD or MCF accurately is low.
In Paper IIIwe have defined a criterion for the sufficient number
N of modes. For stationary partially coherent sources, a tradition-
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ally used criterion [106] is
N =
∞
∑
n=1
λn/λ1. (5.15)
However, this is valid only for matrices whose eigenvalues decrease
smoothly. Considering supercontinuum light, typically λ1 ≫ λn,
n ≥ 2, and the rule is not valid. However, for values n ≥ 2 the
eigenvalues decrease very slowly and rule (5.15) can be used, and
finally the sufficient number of coherent modes needed to represent
the coherence functions accurately is
N = 1+
∞
∑
n=2
λn/λ2. (5.16)
Figure 3 in Paper III illustrates how the cross-spectral density func-
tion evolves with increasing N in the case of almost incoherent (de-
gree of coherence 0.06) pulses. The quasicoherent square appears
in the cross-spectral density function already with the mode with
the largest eigenvalue alone, and additional modes contribute to
the quasistationary line.
In Paper IV the coherent-mode expansion is computed in the
temporal domain for three simulated supercontinuum ensembles,
and in each case the sufficient number of modes is defined by
comparing the coherence degree obtained from the coherent-mode
expansion to the degree from the ensemble. A similar compari-
son with the accuracy of pulse intensities is done when individual
pulses and pulses constructed with different numbers of coherent
modes are propagated in a linear fiber. These results are presented
in Chapter 7 of this thesis.
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6 Temporal elementary field
model for supercontinuum
light
In Chapter 4 we saw that the second-order coherence functions of
supercontinuum light consist of two distinct contributions. We uti-
lize that property in the reconstruction of the second-order coher-
ence functions of supercontinuum light with the so called elemen-
tary field model. The model is based on two coherent fields that
are temporally shifted and replicated with a suitable weighting to
form a temporal continuum.
Different elementary field models have been developed in op-
tics at least since 1978 when Gori and Palma analyzed theoreti-
cally the spatial coherence properties of planar light sources pro-
ducing Gaussian fields [107, 108]. Their model was later extended
for more general fields [35], three-dimensional volume sources [33]
and planar sources taking also partial polarization into account [34].
Numerical implementation of the spatial elementary field recon-
struction has been thoroughly discussed in [109]. Considering light
pulses, the elementary field model has been described in the tem-
poral domain in [36], and in the spectral domain in [110]. The
temporal elementary field model presented here is tailored for su-
percontinuum light and it can at least in principle be obtained from
measureble quantities.
6.1 MATHEMATICAL FORMULATION OF THE MODEL
In elementary field models the coherence functions are represented
as incoherent superpositions of fully coherent fields that are shifted
in the temporal or spectral domain, and possibly also in the spa-
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tial domain at the same time [23]. Let us begin the construction of
the temporal elementary field model by defining a fully coherent
temporal field f (t), called the elementary field. We assume that the
total field v(t) can be represented as an incoherent superposition of
temporally shifted elementary fields. This is described mathemati-
cally as
v(t) =
∫ ∞
−∞
c(t′) f (t− t′) dt′, (6.1)
assuming that the random temporal function c(t′) has the property
�c∗(t′)c(t′)� = p(t′)δ(t′ − t′′), (6.2)
where p(t′) is a real, non-negative function. It follows directly from
Eq. (3.9) that the MCF can be written as
Γ(t1, t2) =
∫ ∞
−∞
p(t′) f ∗(t1 − t
′) f (t2 − t
′) dt′. (6.3)
Since the CSD and the MCF of simulated SC pulses consist of
two distinct parts, we now construct the elementary field model
with two elementary fields and two corresponding weight func-
tions, one for the quasicoherent and one for the quasistationary
contribution. The mathematical formulation for the elementary-
field reconstruction of the MCF is then
Γ(t1, t2) =
∫ ∞
−∞
pqc(t
′) f ∗qc(t1 − t
′) fqc(t2 − t
′) dt′
+
∫ ∞
−∞
pqs(t
′) f ∗qs(t1 − t
′) fqs(t2 − t
′) dt′, (6.4)
where fqc and fqs are the temporal elementary fields, and pqc and
pqs the corresponding weight functions. If we approximate the
quasicoherent elementary field as completely coherent, the MCF
reduces to
Γ(t1, t2) = f ∗qc(t1) fqc(t2) +
∫ ∞
−∞
pqs(t
′) f ∗qs(t1 − t
′) fqs(t2 − t
′) dt′
(6.5)
and the temporal intensity is
I(t) =
∣∣ fqc(t)∣∣2 + ∫ ∞
−∞
pqs(t
′)
∣∣ fqs(t− t′)∣∣2 dt′. (6.6)
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The CSD can be constructed from the temporal elementary fields
and weight functions as
W(ω1,ω2) = 2piPqc(∆ω)F∗qc(ω1)Fqc(ω2)
+ 2piPqs(∆ω)F∗qs(ω1)Fqs(ω2), (6.7)
where ∆ω = ω2 − ω1 and
Pqc(∆ω) =
1
2pi
∫ ∞
−∞
pqc(t
′) exp(i∆ωt′) dt′, (6.8)
Pqs(∆ω) =
1
2pi
∫ ∞
−∞
pqs(t
′) exp(i∆ωt′) dt′, (6.9)
Fqc(ω) =
1
2pi
∫ ∞
−∞
fqc(t) exp(iωt) dt (6.10)
and
Fqs(ω) =
1
2pi
∫ ∞
−∞
fqs(t) exp(iωt) dt. (6.11)
It must be noted that the elementary field reconstruction can
also be made in reverse order, defining first the elementary fields
and the weight functions in the spectral domain and then moving to
the temporal domain by inverse Fourier transforms. Then the ele-
mentary fields would all be centered at the same instant of time but
have shifted spectra, whereas in the approach presented here they
have identical spectra but different temporal origins. The elemen-
tary field representation in the spectral domain might be useful, for
example, in studying noise in mode-locked pulse trains [84].
In Paper IV we have chosen the elementary field reconstruc-
tion in the temporal domain. As we will later see, the temporal
elementary fields are defined by the quasicoherent and quasista-
tionary contributions in the average spectral density of the pulses.
Measuring the spectral contributions is experimentally much easier
than measurements in the temporal domain, which would be re-
quired if the elementary fields were defined in the spectral domain.
Naturally, the Fourier transform relationship between the CSD and
MCF ensures that it is enough to define the elementary fields and
weight functions in either the spectral or temporal domain to obtain
the coherence functions in both domains.
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6.2 CONSTRUCTION OF THE ELEMENTARY FIELD MODEL
An important question related to the elementary field model of su-
percontinuum light is how one can obtain the elementary fields
and the required quasistationary weight function. We approach
the problem analogously with the spatial elementary field model,
where the elementary field is obtained from the far zone proper-
ties of the field, specifically the angular distribution of the spectral
density [35]. Analogously, the temporal elementary field can be
determined up to the phase from the spectral density [23].
Assuming that the quasistationary elementary field is tempo-
rally so narrow that its exact phase is not of critical importance, we
can compute the quasistationary elementary field from the quasis-
tationary spectral density as
fqs(t) =
∫ ∞
0
√
Sqs(ω) exp(−iωt) dω. (6.12)
On the other hand, the assumption that the quasicoherent contri-
bution is completely coherent requires that the intensity of the tem-
poral quasicoherent elementary field be equal to the quasicoherent
contribution to the total intensity. Therefore, the quasicoherent ele-
mentary field is of the form
fqc(t) =
√
Iqc(t) exp
[
iφqc(t)
]
. (6.13)
The correct value for the phase φqc(t) can be obtained from the
coherent-mode reconstruction of the coherence functions. In Chap-
ter 5 we observed that the quasicoherent contribution to the MCF
can be constructed with the eigenmode with the largest eigenvalue,
which implies that the first eigenmode of the MCF is a suitable
choice for the quasicoherent temporal elementary mode. In prin-
ciple, the quasicoherent elementary field can also be evaluated ex-
perimentally. As was discussed in Section 4.2, the absolute values
of the quasicoherent parts of the MCF and CSD can be constructed
with the quasicoherent contributions to the temporal intensity and
spectral density, respectively. Then the phase of the quasicoherent
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elementary field could be obtained from the quasicoherent MCF
and CSD using an efficient two-dimensional phase retrieval algo-
rithm [103].
As seen above, to determine the quasistationary and quasico-
herent elementary fields experimentally, one needs to first measure
the quasicoherent and quasistationary contributions to the spectral
density and temporal intensity. As was already discussed in Chap-
ter 4, in Paper II we showed the connection between the quasico-
herent contribution to the CSD and the result measured in the poly-
chromatic spectral interference experiment. This connection can be
used to separate the quasicoherent part of the spectral density
Sqc(ω) =
∣∣µqc(ω,ω)∣∣ S(ω), (6.14)
and the rest of the measured total spectral density can be consid-
ered quasistationary. Now the temporal quasistationary elementary
field can be computed directly from the quasistationary spectral
density with Eq. (6.12).
Obtaining the quasicoherent and quasistationary contributions
to the temporal intensity experimentally was discussed in Section
4.2. In numerical work, one can utilize the result that the quasi-
coherent intensity is obtained from the average temporal field as
discussed in Chapter 5. The quasistationary intensity is connected
to the weight function pqs(t′) through
Iqs(t) =
∫ ∞
−∞
pqs(t
′)
∣∣ fqs(t− t′)∣∣2 dt′, (6.15)
from which pqs(t′) can be solved numerically. Since we assume that
p is a real, non-negative function, in numerical work we have set
all negative values of p to zero. A more accurate weight function
could be obtained with algorithms designed to find non-negative
solutions of matrix equations [111].
In Paper IV additional supercontinuum ensembles were simu-
lated, and the elementary field model was constructed for them.
The absolute values of the elementary fields and the weight func-
tion for the quasistationary elementary field for the three ensembles
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Figure 6.1: Normalized intensities of the quasicoherent and quasistationary elementary
fields and the quasistationary weight function. The intensities of the pulses computed
from the ensembles (red) and with the elementary field method (black) are also shown. Top
row: 1 kW, middle row: 500 W, bottom row: 250 W.
are shown in Fig. 6.1. The simulated ensembles are again nearly
incoherent (generated with input pulse peak power P0 = 1 kW),
partially coherent (P0 = 500 W) and almost coherent (P0 = 250 W).
The input pulse duration was 300 fs and center wavelength 800
nm, and it was propagated 70 cm in a commercially available fiber
(NKT Photonics NL-PM-750). The accuracy of the elementary field
reconstruction is discussed in Paper IV, and the results are shortly
presented in Chapter 7.
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7 Comparison and applica-
tion of the models
It is important that the mathematical models for the coherence func-
tions represent the statistical properties of the pulse ensembles with
sufficient accuracy. We begin by evaluating the accuracy of the
MCF constructedwith the elementary field model and the coherent-
mode expansion. Then we study the applicability of the models in
propagation of pulses in a dispersive fiber. Moreover, we evaluate
the number of modes needed in the coherent-mode expansion to
reach the accuracy of the elementary field representation, since it
may affect the performance of the model in numerical work.
7.1 CONSTRUCTIONOF THEMUTUAL COHERENCE FUNC-
TION
In Paper IV we compared the accuracy of reconstructing the MCF
with the elementary field construction and the coherent-mode ex-
pansion. The models are compared by computing an error measure
∆µ¯ = |µ¯− µ¯e,c| , (7.1)
where µ¯ is the integral degree of coherence as defined in Eq. (3.14)
and computed from the MCF constructed directly from the pulse
ensembles, and µ¯e (µ¯c) is the degree of coherence computed simi-
larly from theMCF constructedwith the elementary-field (coherent-
mode) representation. The sufficient number of the coherent modes
is chosen such that the error is equal to or smaller than the error
gained with the elementary mode representation.
We consider three different supercontinuum ensembles: almost
incoherent (P0 = 1 kW), partially coherent (P0 = 500 W), and nearly
coherent (P0 = 250 W). The simulation parameters for the pulses are
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Figure 6.1: Normalized intensities of the quasicoherent and quasistationary elementary
fields and the quasistationary weight function. The intensities of the pulses computed
from the ensembles (red) and with the elementary field method (black) are also shown. Top
row: 1 kW, middle row: 500 W, bottom row: 250 W.
are shown in Fig. 6.1. The simulated ensembles are again nearly
incoherent (generated with input pulse peak power P0 = 1 kW),
partially coherent (P0 = 500 W) and almost coherent (P0 = 250 W).
The input pulse duration was 300 fs and center wavelength 800
nm, and it was propagated 70 cm in a commercially available fiber
(NKT Photonics NL-PM-750). The accuracy of the elementary field
reconstruction is discussed in Paper IV, and the results are shortly
presented in Chapter 7.
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7 Comparison and applica-
tion of the models
It is important that the mathematical models for the coherence func-
tions represent the statistical properties of the pulse ensembles with
sufficient accuracy. We begin by evaluating the accuracy of the
MCF constructedwith the elementary field model and the coherent-
mode expansion. Then we study the applicability of the models in
propagation of pulses in a dispersive fiber. Moreover, we evaluate
the number of modes needed in the coherent-mode expansion to
reach the accuracy of the elementary field representation, since it
may affect the performance of the model in numerical work.
7.1 CONSTRUCTIONOF THEMUTUAL COHERENCE FUNC-
TION
In Paper IV we compared the accuracy of reconstructing the MCF
with the elementary field construction and the coherent-mode ex-
pansion. The models are compared by computing an error measure
∆µ¯ = |µ¯− µ¯e,c| , (7.1)
where µ¯ is the integral degree of coherence as defined in Eq. (3.14)
and computed from the MCF constructed directly from the pulse
ensembles, and µ¯e (µ¯c) is the degree of coherence computed simi-
larly from theMCF constructedwith the elementary-field (coherent-
mode) representation. The sufficient number of the coherent modes
is chosen such that the error is equal to or smaller than the error
gained with the elementary mode representation.
We consider three different supercontinuum ensembles: almost
incoherent (P0 = 1 kW), partially coherent (P0 = 500 W), and nearly
coherent (P0 = 250 W). The simulation parameters for the pulses are
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Table 7.1: Coherence degrees of three different ensembles of simulated SC pulses, errors
between the integral degree of coherence computed from the ensemble and with the elemen-
tary field reconstruction, number of coherent modes N required to reconstruct the MCF
with the same accuracy as with elementary fields, and the number of coherent modes N
given by Eq. (5.16).
1 kW 500 W 250 W
µ from ensemble 0.0803 0.2701 0.8744
∆µe 0.0296 0.0377 0.0056
N required 130 40 8
N from Eq. (5.16) 67 12 4
given in Paper IV and the previous chapter. The error numbers are
shown in Table 7.1, and in the same table also the number of modes
computed with Eq. (5.16) are given. The required number of modes
increases significantly with decreasing coherence, and in all three
cases the number of modes is about twice as large as the number
given by the modified Starikov’s criterion introduced in Chapter 5
and Paper III.
The absolute values of the original and constructed MCFs are
shown in Fig. 7.1. In the elementary field model the quasistationary
line is assumed to be constant, which is clearly seen in the middle
row if Fig. 7.1. However, the accuracy of the model is remarkable
considering that only two elementary fields and one weight func-
tion are needed.
7.2 PROPAGATION IN A DISPERSIVE FIBER
In Paper IV we have studied the accuracy of both the elementary
field representation and the coherent-mode expansion of supercon-
tinuum pulses by numerically propagating the pulses in a linear
fiber. The individual pulses from the ensemble after propagating a
distance z are computed with
E(t; z) =
∫ ∞
0
E˜(ω; 0) exp{i[D(ω)z− ωt]} dω, (7.2)
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Figure 7.1: Absolute values of the normalized MCFs of three ensembles of simulated su-
percontinuum pulses, constructed using the ensemble data (top), elementary field model
(middle), and the coherent-mode expansion (bottom).
where
E˜(ω; 0) =
∫ ∞
−∞
E(t; 0) exp (iωt) dt (7.3)
is the non-propagated electric field in the spectral domain and E(t; 0)
in the temporal domain, respectively. The fiber is described by
D(ω) = ∑
k≥2
βk(ω− ω0)
k/k!, (7.4)
where βk are the Taylor series coefficients of the fiber’s propagation
constant at frequency ω0. The fiber used in the simulations in Paper
IV is a standard single-mode fiber. The intensity after propagation
is then
I(t; z) = �|E(t; z)|2�. (7.5)
For the elementary-field construction, E(t; 0) in Eq. (7.3) is re-
placed with either fqs(t; 0) or fqc(t; 0). The intensity is given by
Ie(t; z) =
∣∣ fqc(t; z)∣∣2 + ∫ ∞
−∞
pqs(t
′)
∣∣ fqs(t− t′; z)∣∣2 dt′. (7.6)
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In the coherent-mode expansion, E(t; 0) is replaced with ψn(t; 0),
and the intensity is computed as
Ic(t; z) =
∞
∑
n=1
λn|ψn(t; z)|2. (7.7)
We compare the elementary-field representationwith the coherent-
mode expansion by defining the intensity error
e2(z) =
∫ ∞
−∞ |I(t; z)− Ie,c(t; z)|
2 dt∫ ∞
−∞ |I(t; z)|
2 dt
. (7.8)
The average temporal intensities of the propagated pulses, com-
puted for three simulated ensembles and with the three different
methods, are shown in Fig. 7.2. Similarly as in the previous section,
we define the sufficient number of modes in the coherent-mode ex-
pansion such that the error between Ic(t; z) and I(t; z) is equal to
or smaller than between Ie(t; z) and I(t; z). With a propagation dis-
tance z = 1 m, the sufficient numbers of modes are 140 (P0 = 1 kW),
55 (P0 = 500 W) and 5 (P0 = 250 W). The numbers stay essen-
tially constant also with longer propagation distances. The suffi-
cient number of modes in each case is of the same order as when
constructing the MCF as in the previous chapter.
In propagation problems, the initially narrow quasistationary el-
ementary field broadens temporally very fast and therefore a long
time scale with high temporal resolution is needed. Although the
elementary field model utilizes only two modes instead of tens of
modes as in the coherent-mode expansion, the numerical imple-
mentation of the model is unfortunately slower than that of the
coherent-mode expansion. The reason for this is the shifting and
replicating of the modes which requires some computation time.
The difference between the performance times grows with the size
of the elementary field vector. However, it is possible that a more
experienced computer programmer can write algorithms that effi-
ciently take advantage of the lower number of modes. Also the
time shift property of Fourier transform could be utilized in the
replicating of the elementary modes.
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Figure 7.2: Intensities of pulses after propagating a distance of 1 m in a linear fiber,
computed from the simulated ensembles (top row), with the elementary field reconstruction
(middle row), and with the coherent-mode expansion (bottom row).
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8 Deterministic and stochas-
tic pulse broadening
As discussed in Chapter 2, the creation of supercontinuum pulses
includes many different mechanisms which expand the pulses in
both the spectral and temporal domains. These mechanisms are de-
terministic by nature and thus produce a series of identical pulses,
which naturally means that the absolute value of the normalized
CSD and MCF would be unity all over the spectral or temporal ex-
tent of the pulses. The variation in subsequent pulses and thus the
reduction of the coherence degree of the pulse ensemble is gener-
ated by the stochastic fluctuations in the input pulse. In Paper V
we have studied how the deterministic and stochastic contributions
in the pulse broadening could be distinguished using Michelson’s
interferometer, which is a simple standard tool to examine the tem-
poral coherence of stationary light. Specifically, the possibility to
distinguish the effect of chirping and partial coherence in the tem-
poral broadening of Gaussian Schell-model pulses is discussed.
Gaussian Schell-model pulses form an important class of optical
fields and are widely used in mathematical models to study both
spatial and temporal properties of light, and in principle they can
be created by modulating stationary light sources temporally [112].
We start by defining the two-frequency CSD of Gaussian Schell-
model pulses as
W(ω1,ω2) = U∗(ω1)U(ω2)G(ω1 −ω2), (8.1)
where U(ω) is a deterministic function and G(ω) describes the cor-
relations between different frequency components. This form of the
CSD corresponds to the MCF interpreted as a weighted superposi-
tion of identical, fully coherent but mutually independent elemen-
tary pulses emerging from different instants of time [36]. The form
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of the MCF is thus the same as either the quasicoherent or quasi-
stationary contribution to the MCF of supercontinuum pulses, and
naturally the results presented here can be extended to cover also
pulses comprising two contributions with different coherence prop-
erties.
Let us assume a deterministic function
U0(ω) =
√
S0(ω) exp[iφ(ω)], (8.2)
where the average spectral density of the pulse train is of the form
S0(ω) = S0 exp
[
−
(ω −ω0)2
Ω2
]
(8.3)
with the central frequency ω0 and spectral width Ω, and
φ(ω) =
κ
2Ω2
(ω− ω0)
2 (8.4)
is the spectral phase with the linear chirp constant κ. We also as-
sume a spectral correlation function of the form
G(ω1−ω2) = G0 exp
[
−
(ω1− ω2)
2
2Ω2g
]
, (8.5)
where Ωg is the spectral coherence width. Now the CSD can be
constructed with Eq. (8.1), and the MCF with
Γ(t1, t2) =
∫∫ ∞
0
W(ω1,ω2) exp [i(ω1t1 − ω2t2)] dω1dω2. (8.6)
The expectation value of the temporal duration T of the chirped,
partially coherent Gaussian pulses can be presented as [83]
T2 =
1+ κ2
Ω2
+
2
Ω2g
. (8.7)
The coherence time Tg is defined as
Tg = T
Ωg
Ω
. (8.8)
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Obviously, the minimum value of T can be reached only by non-
chirped pulses with a complete spectral coherence, in which case
κ = 0 and Ωg → ∞. On the other hand, when larger values of T are
considered, exactly the same average pulse width can be obtained
through partial coherence arising from the random fluctuations in
the input pulses, deterministic frequency modulation, or a combi-
nation of both mechanisms.
If the field incident on a Michelson interferometer is defined by
Eq. (8.2), the output field is then
U(ω) = U0(ω) [exp(i2zRω/c) + r exp(i2zSω/c)] , (8.9)
where zR and zS are the reference (R) and sample (S) mirror dis-
placements, respectively, and r = |r| exp(iα) is the reflectance ra-
tio of the two mirrors. The CSD can be constructed by inserting
Eqs. (8.9) and (8.5) into Eq. (8.1), and then the MCF is obtained
by Fourier transform. The main result, which gives us informa-
tion about the contributions of deterministic κ and stochastic Ωg,
is the temporal intensity distribution I(t) = Γ(t, t) which is after a
lengthy calculation
I(t)/I0 = exp
[
−
(t− tR)
2
T2
]
+ |r|2 exp
[
−
(t− tS)
2
T2
]
+2|r| exp
[
−
(t− tR)
2 + (t− tS)
2
2T2
]
exp
(
−
τ2
2T2g
)
× cos
{
ω0τ + α+
κ
2T2
[(t− tS)
2 − (t− tR)
2]
}
, (8.10)
where I0 = 2piS0G0Ω/T, tR = 2zR/c, tS = 2zS/c and τ = tR − tS.
The first and second terms in Eq. (8.10) correspond to the intensities
from the reference and sample mirrors, respectively, and the third
term denotes the interference of the light fields coming from the
two mirrors.
Figure 8.1 illustrates the total intensity and its three components
for simulated Gaussian Schell-model pulses. The central wave-
length is 800 nm, κ = 2, Ω = 44.2 THz × rad and Ωg = 29.5 THz
× rad (corresponding 15 and 10 nm in the wavelength scale). The
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Figure 8.1: Total time-dependent intensity and its three components from Eq. (8.10) of
a partially coherent chirped pulse coming from Michelson’s interferometer. See text for
simulation details.
pulse duration is T = 70 fs and the coherence time Tg = 47 fs. The
displacement between mirrors R and S is ∆z = 15 µm. Information
about the deterministic and stochastic effects in pulse broadening
can be obtained from the interference intensity, which can be ex-
tracted by measuring the intensities from the reference and sample
mirrors alone and subtracting them from the total intensity. The
interference term alone is shown in Fig. 8.2 with otherwise same
simulation parameters but varying chirp parameter κ.
The numerical value of the chirp parameter and the coherence
time can be roughly evaluated from the interference term. For ex-
ample, from the curve where κ = 3 we can evaluate that the minima
of the cosinusoidal fluctuation are at t1 ≈ −27 fs and t2 ≈ 127 fs.
On the (t − tR)2 − (t − tS)2 axis these values correspond to a co-
sine function with period d ≈ 3.08× 10−26 s2. Together with the
temporal pulse width T we can then compute κ = 4piT2/d ≈ 3.0.
Furthermore, since chirping and partial coherence are related to the
total pulse length through Eq. (8.7), we can also compute Ωg and
Tg.
We have chosen Gaussian Schell-model pulses since they allow
analytical treatment of the problem and can also provide a conve-
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Figure 8.2: Interference term from Eq. (8.10) with different chirp parameters. See text for
other simulation parameters.
nient approximate model for supercontinuum light and other real-
istic pulses. Direct numerical analysis on supercontinuum pulses
in a Michelson interferometer could reveal more information about
the deterministic and stochastic effects in the pulses as our analyt-
ical models suggests. Thus, it could be one of the next steps in
studies about supercontinuum coherence in the future. However,
the phases of simulated supercontinuum pulses are more complex
than those of the Gaussian Schell-model pulses used in this model.
Finally, it must be noted that other methods to characterize
chirping and partial coherence in pulse trains also exist. For ex-
ample, pulse durations and temporal focal shifts in dispersive me-
dia can provide information on the coherence properties of pulses
[82, 83, 113]. The method presented here, however, requires only a
simple interferometric setup with a fast intensity detector.
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tracted by measuring the intensities from the reference and sample
mirrors alone and subtracting them from the total intensity. The
interference term alone is shown in Fig. 8.2 with otherwise same
simulation parameters but varying chirp parameter κ.
The numerical value of the chirp parameter and the coherence
time can be roughly evaluated from the interference term. For ex-
ample, from the curve where κ = 3 we can evaluate that the minima
of the cosinusoidal fluctuation are at t1 ≈ −27 fs and t2 ≈ 127 fs.
On the (t − tR)2 − (t − tS)2 axis these values correspond to a co-
sine function with period d ≈ 3.08× 10−26 s2. Together with the
temporal pulse width T we can then compute κ = 4piT2/d ≈ 3.0.
Furthermore, since chirping and partial coherence are related to the
total pulse length through Eq. (8.7), we can also compute Ωg and
Tg.
We have chosen Gaussian Schell-model pulses since they allow
analytical treatment of the problem and can also provide a conve-
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Figure 8.2: Interference term from Eq. (8.10) with different chirp parameters. See text for
other simulation parameters.
nient approximate model for supercontinuum light and other real-
istic pulses. Direct numerical analysis on supercontinuum pulses
in a Michelson interferometer could reveal more information about
the deterministic and stochastic effects in the pulses as our analyt-
ical models suggests. Thus, it could be one of the next steps in
studies about supercontinuum coherence in the future. However,
the phases of simulated supercontinuum pulses are more complex
than those of the Gaussian Schell-model pulses used in this model.
Finally, it must be noted that other methods to characterize
chirping and partial coherence in pulse trains also exist. For ex-
ample, pulse durations and temporal focal shifts in dispersive me-
dia can provide information on the coherence properties of pulses
[82, 83, 113]. The method presented here, however, requires only a
simple interferometric setup with a fast intensity detector.
Dissertations in Forestry and Natural Sciences No 98 49
Minna Korhonen: Coherence of supercontinuum light
50 Dissertations in Forestry and Natural Sciences No 98
9 Conclusions
This thesis includes studies on coherence properties of simulated
supercontinuum pulses using the second-order coherence theory.
Firstly, the second-order coherence functions were computed from
ensembles of 1000 pulses simulated with varying input pulses and
fibers. Thenmathematical models for the coherence functions based
on their characteristic properties were constructed and analyzed.
As a separate subject, the possibility to distinguish the determinis-
tic and stochastic mechanisms in temporal broadening of Gaussian
Schell-model pulses was discussed. The results shown in this thesis
have been published in five research articles that are attached at the
end of this thesis.
Paper I introduces the schematic form of the CSD and MCF ob-
served with varying simulation parameters. Specifically, the pulses
comprise a quasicoherent and a quasistationary contribution. The
two-component character of the coherence functions is examined
in more detail in Paper II. More simulations of pulse ensembles
generated with varying conditions are introduced.
In Paper II we also analyze the mathematical connection be-
tween the first-order coherence function and the absolute value of
the quasicoherent contribution to the CSD. As the two quantities
are virtually equal and the first one of them is easily measurable,
we further speculate the possibility to construct the second-order
coherence functions from measurable quantities.
The coherent-mode expansion of the CSD of simulated super-
continuum pulses is discussed in Paper III. The connection between
the eigenmode with the largest eigenvalue and the quasicoherent
part of the CSD is analyzed. Additionally, the sufficient number of
modes to represent the CSD accurately is evaluated.
The mathematical formulation of the two-component second-
order coherence functions is further discussed in Paper IV where
we present the elementary field decomposition for supercontinuum
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pulses in the temporal domain. The model enables one to recon-
struct the second-order coherence functions from measurable aver-
aged quantities. We also simulate the propagation of supercontin-
uum pulses in a dispersive fiber using the model. Moreover, the el-
ementary field representation is compared with the coherent-mode
expansion. While the elementary field representation is sufficiently
accurate using always only two elementary fields and one weight
function, tens of modes are needed in the coherent-mode expansion
to obtain the same accuracy in the case of pulses with low coher-
ence.
Papers I – IV deal with the consequences of the stochastic fluc-
tuations in the pulses. However, both stochastic and deterministic
phenomena affect the length of the light pulse. In Paper V we
study how the stochastic and deterministic mechanisms in tem-
poral pulse broadening can be distinguished. An analytical rep-
resentation for the intensity of partially coherent, chirped, Gaus-
sian Schell-model pulses coming from a Michelson interferometer
is established. Detailed analysis on the intensity reveals the con-
tributions of the stochastic and deterministic effects on the pulse
duration. The analysis can be expanded to approximately model
supercontinuum pulses or other realistic light sources.
The results shown in this thesis are numerical simulations but
we intend to verify them experimentally in the near future us-
ing, for example, cross-correlation frequency-resolved optical gat-
ing (XFROG) measurements. In addition to propagation in a lin-
ear fiber, we have preliminary results on temporal imaging and fo-
cusing of supercontinuum pulses simulated using the models pre-
sented here. Specifically, the possibility to compensate aberrations
arising from the higher-order dispersion of fibers with electro-optic
time lens driven by tailored waveforms that contain higher harmon-
ics has been studied numerically.
The presented results related to supercontinuum coherence can
prove valuable for optical engineers since the coherence proper-
ties of light strongly impact the performance of optical systems.
Thus, understanding and obtaining even a rough idea of the coher-
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ence properties of supercontinuum pulses through simple measure-
ments could be beneficial for designing new optical applications
related, for example, to medical imaging and telecommunications.
Next steps towards the complete characterization of coherence
of supercontinuum pulses include also the analysis of the spatial
coherence. Mathematical models for simplified special cases have
already been constructed [93], and we are aiming to demonstrate
the spatial coherence of supercontinuum pulses based on the mod-
els for spectral and temporal coherence shown in this thesis. More-
over, the spatial coherence of broadband pulses could be measured
with the polychromatic interference experiment introduced in [114].
The temporal elementary field representation tailored for super-
continuum sources could also be applied in simulation of broad-
band spectrally and temporally partially coherent localized waves
[115, 116].
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Minna Korhonen
Coherence of
supercontinuum light
This thesis contains theoretical stud-
ies on coherence of supercontinuum 
light. The characteristic form of the 
second-order coherence functions of 
simulated supercontinuum pulses is 
analyzed, and mathematical models 
for the coherence functions are pre-
sented. The possibility to obtain the 
main features of the coherence func-
tions from experimentally measurable 
quantities is also discussed. Addition-
ally, an experimental method to dis-
tinguish the effects of the stochastic 
and deterministic mechanisms in 
temporal pulse broadening is studied 
using Gaussian Schell-model pulses.
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